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Abstract

In a weighted majority game each player has a positive integer weight and there is a positive
integer quota. A coalition of players is winning (losing) if the sum of the weights of its members
exceeds (does not exceed) the quota. A player is pivotal for a coalition if her omission changes it
from awinning to alosing one. Most game theoretic measures of the power of a player involve the
computation of the number of coalitions for which that player is pivotal. Prasad and Kelly [Prasad,
K., Kely, J.S., 1990. NP-completeness of some problems concerning voting games. |nternational
Journal of Game Theory 19, 1-9] prove that the problem of determining whether or not there
exists a coalition for which a given player is pivotal is NP-complete. They also prove that counting
the number of codlitions for which a given player is pivota is #P-complete. In the present paper
we exhibit classes of weighted majority games for which these problems are easy. [0 2000
Elsevier Science BV. All rights reserved.

1. Introduction

In a weighted majority game with n players, indexed 1 to n, player i, 1=<i=n, hasa
positive integer weight w, and there is a positive integer quota . Let N={1, 2,..., n}
denote the set of all players. Any subset of N is called a coalition. A coalition S of
players is winning (losing) if ;. w,>q (= ). Player i is pivotal for codlition S if
S\i} is losing whereas S is winning. Most game theoretic measures of the power of a
given player, such as the Shapley Value and the Banzhaf—Coleman Index, involve the
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computation of the number of coalitions for which that player is pivotal. [Refer, for
example, to Roberts (1976) or Owen (1995).]

Suppose that we are given a weighted majority game. Let us denote by P,(i) the
problem of determining whether or not player i is pivotal for some codlition. The
problem is equivalent to the following subset sum problem:

Maximize 2>, wx (1)
jeENi}

Subjectto >, wx =q,x €{0,1} V] )
JEN(i}

Player i is pivota for at least one coalition if and only if the maximum vaue of (1)
subject to (2) is strictly greater than g —w;. It was proved in Prasad and Kelly (1990)
that P,(i) is NP-complete. [For definitions of NP-completeness and all other terminology
related to complexity theory used in this paper, refer to Papadimitriou (1994).] This
makes it very unlikely that there will be an efficient solution algorithm for P, (i), where
by an efficient algorithm we mean one which solves the problem in time bounded by a
polynomial in n.
We will denote by P, the related problem:

Maximize 2 wX;, subjectto E WX =0, % € {0,1} Vj P,)
jEN jeN

We will denote by P,(i) the problem of determining the number of feasible solutions to
(2). Observe that the number of coalitions for which player i is pivotal may be
determined efficiently (i.e. in time polynomial in n) if we have available an algorithm
which solves P,(i) in polynomial time for all g. We need merely run the algorithm twice,
once to determine the number of feasible solutions to (2) and once more to determine
the number of feasible solutions to:

< —
je%mwj X =q—W,X €{0,1} V]
and subtract the latter from the former. However, Prasad and Kelly (1990) show that
determining the number of coalitions for which player i is pivotal is a #P-complete
problem. This makes the existence of any such polynomial time algorithm most unlikely.
We will denote by P, the related problem of determining the number of feasible
solutions to:

> wx =0,% €{0,1} V]

jEN
In the present paper we show that for certain choices of weights the problems P, (i) and
P,(i) may be solved efficiently. For such weighted majority games it is therefore easy to
determine whether or not a player is pivotal for some coalition and to count the number
of coalitions for which she is pivotal. We assume that two weights can be added in
constant time, and that we can ignore weights with many digits, and hence, the size of
the input is n. For the remainder of the paper we assume that w, =w, = ... =w,.
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Sorting the weights to ensure this requires O(n log n) time. [Refer, for example, to Aho
et a. (1974).]

2. Unbalanced weights

We will say that the set of weights W={w,, W,,..., w,} is unbalanced if w, =
Wt W, + ... +w, foralj, 1=j<n. Thus for example, {42, 20, 10, 5, 3, 1} is
unbalanced. Unbalanced weights occur in a completely different context in cryptography
(refer, for example, to Konheim, 1981), though they are not given this name. It is
evident that a subset of an unbalanced set is itself unbalanced.

Consider now the following greedy algorithm which outputs the greedy solution
g€{0,1}" to P,.

Greedy Algorithm:

* Initialization: Set SUM =0, j =1. Go to Step 1.

* Sep I: If SUM +w, =q, then set g, =1, SUM =SUM +w,. Else set g, =0. Set
j=j+1 Goto Step 2.

* Sep 2: If j =n+ 1, then output the vector g and SUM and stop. Else go to Step 1.

Problem P, is solved by the above greedy algorithm when the set of weights is
unbalanced. This fact is apparently well known to cryptographers, and Konheim (1981,
p. 304) provides a sort of informal proof of this by the way of an example. We provide
below a quick formal proof.

First we prove a lemma which we will use several times in the paper. Note that the
lemma is valid for all sets of weights W, not just unbalanced ones.

Lemma 1. Let x be any feasible solution to P,, different from the greedy solution g,
such that g; =x;, for j <i, and g #x;, i.e. let i be the least (i.e. |eft-most) index in
which g differs from x. Then g, =1 and x; =0.

Proof. x; = 1 would imply that =, _; w;g; +w;, =X,_; W, X, + W, = d. However, then the
greedy algorithm must set g, = 1 too, which contradicts the definition of i. Hence, x, =0,
g=1 0O

Theorem 2. The greedy algorithm solves Problem P, if the set of weights {w,, w,, ...,
w,} is unbalanced.

Proof. Consider any feasible solution x to P,, different from the greedy solution g. Let i
be the least (i.e. left-most) index in which g differs from x. Then g; = x;, for j <i, and
g #X%.By Lemmalx =0, g =1 Now:

2 WG =2 WG W =D WX+ W,
JEN j<i

j<i j>i

since the set of weights is unbalanced, and hence:
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2 W; g; = WX
JEN

jeN

since x, = 0. This establishes the optimality of g. [

The greedy algorithm clearly requires O(n) elementary arithmetic operations. Since
any subset of an unbalanced set is itself unbalanced we can solve P, (i) for any givenii in
O(n) time by running the greedy algorithm on the set of weights W\{w.}. Consequently
we can solve P,(i) for all i, in O(n”) time, by running the greedy algorithm n times. We
can, however, do better.

Theorem 3. P,(i) can be solved for every i in overall O(n) time, if the set of weights
{wy, w,, ..., w_} is unbalanced.

Proof. Consider an execution of the greedy algorithm on the set of weights W\{w.} and
let y denote the vector output at the end. The first i — 1 executions of Step 1 are identical
to those of the same algorithm when run on the set of weights W. We must therefore have
y; =g; for al j <i. If g =0 then the last n —i executions of Step 1 must be identical
too. In this case y is simply obtained from g by suppressing g, and the optimal objective
values of P, and P,(i) are identical.

Suppose next that g, = 1. In this case, when Step 1 executes for the ith time, we have
SUM + W, + W, + ... +W,=SUM +w, =g, and therefore the algorithm sets y; =
1, Vj =i. It follows that in this case optimal solution to P,(i) iSY= (Y5, Yo, -+ Vi1,
Vi -+ s Yn) Wherey, =g;, Vj <i,andy, = 1, Vj >i. The optimal objective value of
P,(i) in this case is 2, _; w;g; + 2,_; w;. Now it is possible to compute all the partial
sums X, _; w;g;, 1<i =nin O(n) time. In fact, these sums are computed in the course of
the greedy algorithm. It is only necessary to slightly modify the algorithm to keep track
of these. The partial sums 2;_; w;, 1=i <n can aso al be computed in time O(n). It is
clear from the above discussion that if these partial sums are all available the optimal
objective value of each P,(i) can be determined using a constant number of arithmetic
operations. The result now follows. [

We next show that if W is unbalanced and g =(g,, 9,,..., d,), denotes the greedy
solution to P, then the number of feasible solutions to P, is =] g;2""' + 1. In other
words it is the binary number g, g, ... g, + 1. In the following proof and thereafter we
use |X| to denote the cardinality of any set X.

Theorem 4. If the set of weights {w,, w,, ..., w,} is unbalanced and g =(g,, 5, - - -,
g,), denotes the greedy solution to P,, then the number of feasible solutions to P, is X7
g2"' +1

Proof. Let S denote the set of feasible solutionsto P,. Then Sis the disoint union of the
sets §, 1=i=n, where § ={x|x is a feasible solution to P,, g, =x;, for j <i, and
g # X}, and the singleton {g} and | is clearly equal to =7 || + 1.

Now by Lemma 1 if g = 0 then |§| = 0. Suppose now that g, = 1. Then each of the
first i —1 coordinates of any solution in § must coincide with the corresponding
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coordinate of g and the ith coordinate must be zero. Since g =1 X, W, =w, =q —
3., w; and so any of the 2""" possible assignments of 0's and 1's to the last n — |
coordinates yields a feasible solution to P,. Hence in this case || =2""". The result

follows. O

It follows trivially from Theorem 4 that P, can be solved in O(n) time if the set of
weights is unbalanced. Since any subset of an unbalanced set is also unbalanced P,(i)
can also be solved in O(n) time for any given i.

We conclude this section by remarking that a mild generalization of the above results
is possible. Let g be the greedy solution to P,. Let us call a set of weights W= {w;,
W,, ..., W,} generalized unbalanced if w,=2,_; w, (1 —g;) Vi, 1=i<n. (Equiva
lently the set of weights W= {w,, w,, ... ,w,} is generalized unbalanced if w; =X {w, |
j>i, 9, =0} Vi, L=i <n.) Each of Theorems 2, 3 and 4 remains valid if we replace the
word ‘unbalanced’ by ‘generalized unbalanced’ in its statement. Since the proofs are
very similar we omit details.

3. Sequential weights

The set of weights W= {w,, w,, ... ,w,} is sequential if w,|w,_,|w,_,...|w,, where
‘I' stands for ‘divides. Thus, for example, {24, 8, 8, 4, 4, 4, 2, 1} is sequentidl. It is
evident that a subset of a sequential set is itself sequential.

Sequential weights have been considered, for example, by Hartman and Olmstead
(1993) and others. Hartman and Olmstead (1993) consider the sequential knapsack
problem:

Maximize 2 PX;

jeN

Subject to > wx =0,% €{0,1} V]

jeN

where p;’s, w,’s and g are al positive integers, and the weights w; are sequential. They
show that this problem can be solved in O(n) time. A fortiori P, can be solved in O(n)
time if the set of weights is sequential. However, both the agorithm of Hartman and
Olmstead (1993) and its proof are quite complicated. We show below that the greedy
algorithm described in the previous section solves P; when the weights are sequential.

Lemma 5. If the set of weights {w,, w,, ..., w_} is sequential then for eachj, 1=j <n,
either w,>w,  ; +w,,,+ - - - +w, or elsewe can find anindex k, j <k=n, such that
W =W+ W

Proof. Suppose the lemma to be false. Then we can find an index k, j <k <'n, such that
W >W g+ Fweandw, <w g+ s AW W Thenw,, >w — (W, +
-+ +w,). However, since w, , , is a factor of each of w,, ..., w,, the left-hand side of
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the above inequality divides the right-hand side. However, then the right-hand side must

be zero. Sow, =w,, + - - - +w, which is a contradiction. [

Theorem 6. The greedy algorithm solves Problem P, if the set of weights {w,,
W,, . ..,W,} is sequential.

Proof. The proof will be by contradiction. Suppose that the set of weights {w,,
W, . ..,W,} is sequential but the greedy solution g is not optima to P,. Let x then be an
optimal solution to P, with the property that there exists an index i, 1=<i < n, such that
g; = X, for j <i, g #x, and for any other optimal solution z to P,, g; # z, for some
j =<i. In other words x is an optima solution with the property that the least (i.e.
left-most) index in which g differs from x is as large as possible. We will derive a
contradiction by exhibiting another optimal solution y which agrees with g in at least its
first i coordinates.

By Lemma 1 g =1 and x, =0. Consider the set S={Wj| j>i, =1} Since x is
optimal and g is not, 2,_, w,g; <ZX,_; w;x; which implies that w; <Z,_s w;. Now:
{i} U S being a subset of W is itself sequential. Hence, w; ==, _g w; for some S’ C S It
follows that from x we can obtain a solution y with same objective value as x by setting
y,=1 y,=0fordl j€S, and y; = X otherwise. We have g; =y;, for j <i. Which
proves the theorem. [

The Greedy Algorithm is to be preferred to that of Hartman and Olmstead on severa
counts. It is simpler to describe, implement and validate, involves less computational
overhead and has the same computational complexity. Most importantly it is possible to
solve P, (i) for every i in O(n) time with the help of the greedy solution.

Theorem 7. P,(i) can be solved for every i in overall O(n) time, if the set of weights
{wy, w,, ..., w,} is sequential.

Proof. Let R denote the optimal objective value of P,. Suppose first that g =0.
Consider an execution of the greedy algorithm on the set of weights W\{w.} and let y
denote the vector output at the end. By using exactly the same argument as in the proof
of Theorem 3 we can show that y is simply obtained from g by suppressing g, and that
the optimal objective values of P, and P,(i) are identical.

Suppose next that g, = 1. Let W ={w;| j >i, g, =0}. Since {i} UW is sequentid, it
follows from Lemma 5 that there are exactly two distinct possibilities. Either w;, > X,
w, =2 _; W (1-g;) or else we can afindV, CW such that w, = EJEV w;. In the first
case the greedy algorithm, when run on the set of weights \N\{W} outputs the solution
Y=Y Yor -5 Yicas Yivns -+ Ya)y Wherey, = gj, for al j <i, and y, = 1, for al j >i.
This is therefore the optimal solution to P,. The opti mal objective value of P,(i) in this
caeisR—w, +2,_; w(1-g).

In the remaining case the solution z= (z,, z,, ...,z _4, Z 4, . . -,Z,), Where z = 1, for
al jeV, and z = g; otherwise, has the objective value R. This must therefore be the
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optimal solution to P, (i) and the optimal objective values of P, and P,(i) must be
identical in this case too.

Now running the greedy algorithm once to determine g requires O(n) time. It is also
possible to compute al the partiadl sums Z,_; w(1—g;), 1<j=n, in O(n) time
recursively. It is clear from the above discussion that if g and these partial sums are
available the optimal objective value of each P,(i) can be determined using a constant
number of arithmetic operations. The result now follows. [

We have not been able to find a polynomial time algorithm for determining the
number of coalitions for which a player is pivotal when the set of weights W is
sequential. Neither have we been able to prove that the problem is necessarily difficult.
However, it is easy to solve P, if the set of weights W, in addition to being sequential,
satisfy the following condition.

3.1. Dominance condition

Letd, >d,> ... >d, be the distinct values of weights w,, w,, ... ,w, belonging to
a sequential set. Then d, = md, . ,, where m, > 1, Vk, 1=k<r. Let N = {ijlw, = d,},
and n, = [N,|. Then the dominance condition holds if m, >n,,, Yk, 1=k<r.

Thus, for example, the set {48, 16, 16, 4, 4, 4, 2, 1} is a sequential set of weights
which satisfies the dominance condition. Here d, =48, d, =16, d,=4,d,=2,d, =1
andn,=1,n,=2,n;=3,n,=1, ng =1

Lemma 8. If the set of weights {w,, w,,...,w,} is sequential and satisfies the
dominance condition then Vj €N,, 1=k<r, w, >3 {w|[pEN, i >k}.

Proof. If k=r — 1 the lemma follows obviously from the dominance condition. Let us
then suppose the lemmato be true for k=i +1,...,r —1. Now let k=1i. For al j € N.:

W, = d=md_ =M., +1d,, = 2 W, + diyy
PEN; 4
>3 {w,|pEN,,} +2 {w,|pEN, k>i+ 1}, by our hypothesis. Hence, for al j EN,
w, >3 {Wp| p €N, k>i}. Hence the lemma is true for i. This concludes the proof by
induction. [

Suppose that W is a sequential set of weights satisfying the dominance condition. If x
is any feasible solution to P, we will write L (x) ={ili €N,, x, =1} and |, (X) = |L, (X)|.

Lemma 9. Let x be any feasible solution to P,, different from the greedy solution g,
such that I, (g) = 1,(X), for k<<i, and I,(g) # I,(x), i being a given index between 1 and r.
Then [;(g) > 1,(x).

Proof. 1,(x)>1,(g) would imply that = {w,g/|j €L(g), k=i}<Z {wx]j € LX),
k=i}=q. However, then the greedy algorithm must set g = 1 for some element in
L. (\L,(g) which is a contradiction.
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Theorem 10. Suppose that the set of weights {w,, w,, ... ,w._} is sequential and satisfies
the dominance condition. Let g=(9g,, 9,,---,0,), denote the greedy solution to P,.
Then the number of feasible solutions to P, is:

<(2)<k>> 220311 (1) <(2)<k>> 20 (o)

where (rn) is the number of ways in which r objects may be chosen from n.

Proof. Let S denote the set of feasible solutionsto P,. For 1=i=r, let S={xx isa
feasible solution to Py, I;(g) =1;(x) for j <i, and I(g)>| ®}. Let S, ={x|x is a
feasible solution to Py, 1;,(g) = | (x) Vj, 1=j=r}. Then from Lemma 9 it follows that S
is the disioint union of the sets S.1=si=r+1 andso |9==," 5]
r n
Now |S ,,| is clearly l—[j=l (Ij](g)) since setting x; = 1, for any I,(g) of the n, indices

in N givesriseto asolutionin § . ,. We now calculate the number of solutionsin § for
any | 1=i=r. Toobtain asolutionxES§, 2=i=r we haveto set x, = 1 for exactly

l;(g) of the n, indices p in N, Vj <i. This can be done in (| (g)) ways. We aso have to
set x, = 1for at mosII (9) — 1of then, indicespinN, 1=<i =<r. It ispossible to choose
thesein 2,/ '(g) ! (k) ways. Suppose that we have obtained a partial solution x whose first

2,_; n, coordinates have been fixed in this way. Using Lemma 8 we see that X
{w]j ENk, k>i}<d =q—-2{wx]|j EN, k<|}sothatanyassgnmentof Osand1's
to the last 2, _; n; coordinates yields a feasible solution to P,. There are 2%=1+1" such
possible assgnments Hence:

si=( 3 () 2 aaisi =T () (S (1)) 230

if i =2. The result now follows. O

Example. Let W= {48, 16, 16, 4, 4, 4, 2, 1}, q = 75. Then the greedy solution to P, is

0=(1,10 1,10 1, 1). Sol(9)=1, 1,(9=1, I;(9)=2, 1,(9)=1, I(g)=1
Applying Theorem 10, we see that the number of feasible solutions to P, is:

(IX2)+(IX1X2°)+(1X2X4Xx2%)+(1x2%x3x1x2h
F(AX2X3X1IxX1x2%)+(1Xx2Xx3X1X1)=216
It follows in a straightforward way from Theorem 10 that P, can be solved in O(n®) time
if the set of weights W is sequential and satisfies the dominance condition. Since any

subset of such a W inherits these properties P,(i) can also be solved in O(n?) time for
any given i.
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4. Conclusion

In the present paper we have considered weighted majority games. We have shown
that it is easy to determine whether or not a player is pivotal for some coalition if the
weights are unbalanced, generalized unbalanced or sequential. We have also shown that
it is easy to determine the number of coalitions for which a player is pivotal if the
weights are unbalanced or generalized unbalanced. Finally we have shown that it is easy
to determine the number of coalitions for which a player is pivotal if the weights are
sequential and an additional dominance condition is satisfied.

We end by stating problems which we have not been able to resolve. Does there exist
a polynomial time algorithm for determining the number of coalitions for which a given
player is pivotal when the weights are sequential and the dominance condition does not
obtain? Or is the problem provably difficult in this case? What other choices of weights
make P,(i) and P,(i) easy?
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